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Jh , Abstract. In this paper, we study the uniqueness of the direct decomposition of a toric 

M^' manifold. We first observe that the direct decomposition of a toric manifold as algebraic 

'^^ ' i;aneiies is unique up to order of the factors. An algebraically indecomposable toric manifold 

-^ , happens to decompose as smooth manifold and no criterion is known for two toric manifolds 

to be diffeomorphic, so the unique decomposition problem for toric manifolds as smooth 
manifolds is highly nontrivial and nothing seems known for the problem so far. We prove 
pH , that this problem is affirmative if the complex dimension of each factor in the decomposition 

•^r ' is less than or equal to two. A similar argument shows that the direct decomposition of a 

• I smooth manifold into copies of CP^ and simply connected closed smooth 4-manifolds with 

'■pi ■ smooth actions of [S^)^ is unique up to order of the factors. 

1. Introduction 

A toric variety is a normal algebraic variety of complex dimension n with a complex torus 
action having an open dense orbit. The family of toric varieties one-to-one corresponds to 
that of fans which are objects in combinatorics. Via this correspondence, we can describe 
0^ I geometrical properties of toric varieties in terms of the corresponding fans. A toric variety 

may not be compact and nonsingular, however, this paper deals with compact nonsingular 
toric varieties, called toric manifolds. 

We say that a toric manifold is algebraically indecomposable if it does not decompose into 

^T) • the product of two toric manifolds of positive dimension as varieties. Using the bijective 

correspondence between toric varieties and fans, one can see that the direct decomposition 

of a toric manifold into algebraically indecomposable toric manifolds as algebraic varieties is 

unique up to order of the factors (Theorem 12. 2p . 

If two toric manifolds are isomorphic as varieties, then they are diffeomorphic, but the 
C^ ■ converse is not true in general and no criterion is known for two toric manifolds to be diffeo- 

morphic. One intriguing problem in this direction is the following problem posed in [?]• 

Cohomological rigidity problem for toric manifolds ([7]). Are two toric manifolds 
diffeomorphic (or homeomorphic) if their cohomology rings with integer coefficients are iso- 
morphic as graded rings? 

No counterexample and some partial affirmative solutions are known to the problem above, 
see [3] for the recent development. 

An algebraically indecomposable toric manifold happens to decompose into the product of 
two toric manifolds of positive dimension as smooth manifolds. Hirzebruch surfaces except 
CP^ X CP^ with vanishing second Stiefel- Whitney classes are such examples. We say that 
a toric manifold is differentially indecomposable if it does not decompose into the product of 
two toric manifolds of positive dimension as smooth manifolds. 
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2 MIHO HATANAKA 

Unique decomposition problem for toric manifolds (f6|). Is the direct decomposition 
of a toric manifold into the product of differentiahy indecomposable toric manifolds unique 
up to order of the factors? 

It has recently been shown in [2] that the unique decomposition property holds for real Bott 
manifolds which are a special class of real toric manifolds. Real Bott manifolds are compact flat 
manifolds and it is shown in [1] that there are non-diffeomorphic compact flat manifolds whose 
products with S^ are diffeomorphic. This means that the unique decomposition property does 
not hold for general compact flat manifolds while it does for the special class of compact flat 
manifolds consisting of real Bott manifolds. 

As far as the author knows, nothing is known for the unique decomposition problem for 
toric manifolds. In this paper, we show that it is affirmative if the complex dimension of 
every factor in the product is less than or equal to two (Theorem 13. ip . We also prove that the 
cohomological rigidity problem is affirmative for those products. Note that a toric manifold 
of complex dimension one is diffeomorphic to CP^ and that of complex dimension two is 
diffeomorphic to CP^ x CP^ or CP'^^qCP^ (g > 0). 

Simply connected closed smooth 4-manifolds with smooth actions of (S^)'^ are of the form 



(1.1) 5^tJpCp2^gCP2[Jr(CP^ x CP^) {p + q + r > 0) 

(see [9]). These manifolds are not diffeomorphic to the product of two manifolds of positive 
dimension unless p = q = and r = 1. Our method used to prove Theorem 13.11 can be 
applied to products of copies of CP^ and manifolds in (II. ip and yields a more general result 
(Theorem [O]) than Theorem \3l\ 

This paper is organized as follows. In Section 2, we prove the uniqueness of the direct de- 
composition of a toric manifold into algebraically indecomposable toric manifolds as algebraic 
varieties. The key fact used to prove it is that two toric manifolds are isomorphic as algebraic 
varieties if and only if the corresponding two fans are isomorphic. Unlike this, a useful crite- 
rion for two toric manifolds to be diffeomorphic is not known. In Section 3, we prove that the 
direct decomposition of a toric manifold into differentially indecomposable toric manifolds is 
unique up to order of the factors if the complex dimension of each factor is less than or equal 
to two. In Section 4, we apply the idea developed in Section 3 to products of copies of CP^ 
and manifolds in (jl.ip . 

2. Direct decomposition of toric manifolds as algebraic varieties 

We briefly review toric geometry and refer the reader to [1] and [8] for details. A toric 
variety is a normal algebraic variety of complex dimension n with an algebraic action of a 
complex torus (C*)" having an open dense orbit. The fundamental theorem in toric geometry 
says that the category of toric varieties of (complex) dimension n is isomorphic to the category 
of fans of (real) dimension n. Here, a fan A of dimension n is a collection of rational strongly 
convex polyhedral cones in R" satisfying the following conditions: 
EEach face of a cone in A is also a cone in A. 
EThe intersection of two cones in A is a face of each. 

A rational strongly convex polyhedral cone in M" is a cone with apex at the origin, generated 
by a finite number of vectors; grationalh means that it is generated by vectors in the lattice 
Z", and gstrongh convexity that it contains no line through the origin. The union of cones in 
the fan A coincides with M" if and only if the corresponding toric variety is compact, and the 
generators of each cone in A are a part of a basis of Z" if and only if the corresponding toric 
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variety is nonsingular. In this paper, we will treat only compact nonsingular toric varieties 
and call them toric manifolds. 

The fundamental theorem in toric geometry implies that two toric manifolds M and N of 
complex dimension n are weakly equivariantly isomorphic as algebraic varieties if and only 
if the corresponding fans are isomorphic, i.e., there is an automorphism of Z" sending cones 
to cones in the corresponding fans. Here a map / : M — ?> A^ is said to be weakly equivariant 
if there is an automorphism p of (C*)" such that f{gx) = p{g)f{x) for any g € (C*)" and 
X G M. 

Proposition 2.1. Two toric manifolds are isomorphic as algebraic varieties if and only if 
they are weakly equivariantly isomorphic as algebraic varieties. Therefore, two toric manifolds 
are isomorphic as algebraic varieties if and only if their corresponding fans are isomorphic. 

Proof. This proposition is well-known but since there seems no literature, we shall sketch the 
proof. 

It suffices to prove the "only if part in the former statement because the "if part is trivial 
and the latter statement follows from the former statement and the fundamental theorem in 
toric geometry as remarked above. Let Aut(M) be the group of automorphisms of a toric 
manifold M. This is a (finite dimensional) algebraic group, and the torus Tm = (C*)" acting 
on M is a subgroup of Aut(M), in fact, it is a maximal torus in Aut(M). Now, let / be an 
isomorphism (as algebraic varieties) from M to another toric manifold N . Then / induces a 
group isomorphism /: Aut(A^) — >■ Aut(-/Vf) mapping g G Aut(A^) to /"""^ o g o f ^ Aut(M). 
Since f{T]\f) is a maximal torus in Aut(A/) and all maximal tori in an algebraic group are 
conjugate to each other, there exists h G Aut(M) satisfying fiTj\j) = HT^h'^. Then f o h is 
a weakly equivariant isomorphism from M to A'^. □ 

We say that a toric manifold is algebraically indecomposable if it does not decompose into 
the product of two toric manifolds of positive dimension as algebraic varieties. Again, the 
fundamental theorem in toric geometry implies that a toric manifold is algebraically indecom- 
posable if and only if the corresponding fan is indecomposable, i.e., it does not decompose into 
the product of two fans of positive dimension. 

Theorem 2.2. The direct decomposition of a toric manifold into algebraically indecomposable 
toric manifolds as algebraic varieties is unique up to order of the factors. Namely, if Mi 
{1 < i < k) and M'- (1 < j < I) are algebraically indecomposable toric manifolds and Jli=i ^i 
and rii=i ^i ^"^^ isomorphic as algebraic varieties, then k = i and there exists an element 
a in the symmetric group Sk on k letters such that Mi is isomorphic to M'^,.. as algebraic 
varieties for all 1 < i < k. 

Proof. Denote the fan of Mi by A^ and that of M'- by A'- , and let ip be an isomorphism from 
Yli^i Aj to Hfci '^j- Let pj be the projection from Hfci ^'i onto A'. Since an edge in Aj 
maps to an edge in Hfci ^'j ^Y V'l the image tp{Ai) coincides with the product Hfci Pji'^i^i))- 
This together with the indecomposability of Aj implies that pj{ip{Ai)) consists of only the 
origin except for one j, namely ip{Ai) is contained in some A' . Applying the same argument 
to V'"^) one concludes that ipi^i) = ^'j- This together with Proposition 12.11 proves the 
theorem. D 

The following corollary follows from Theorem 
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Corollary 2.3 (cancellation). . LetAI,M' and M" be toric manifolds. If the direct products 
M X A/" and M' x M" are isomorphic as varieties, then so are M and M' . 

3. Direct decomposition of toric manifolds as smooth manifolds 

In this section, we will consider the direct decomposition of toric manifolds as smooth 
manifolds. We say that a toric manifold M is differentially indecomposable if M does not 
decompose into two toric manifolds of positive dimension as smooth manifolds. We note 
that the algebraic indecomposability does not imply the differential indecomposability for 
toric manifolds. For example, the Hirzebruch surface Fa (a G Z) corresponding to the fan 
described below is algebraically indecomposable unless a = but diffeomorphic to CP^ x CP^ 
as smooth manifolds if a is even. 




a € 



Toric manifolds of complex dimension one are diffeomorphic to CP^ , and those of complex 
dimension two are diffeomorphic to CP^ x CP^ or CP^jjgCP^ (g € Z>o) 
section is to prove the following theorem. 



The purpose of this 



Theorem 3.1. Let Mi {1 < i < k) and M'- (1 < i < t) be differentially indecompos- 
able toric manifolds of complex dimension less than or equal to two. If H*(Y\-^-^^Mi;Z) and 
H*{Yl-^M'-;'Z) are isomorphic as graded rings, then k = i and there exists an element 
a in the symmetric group Sk on k letters such that Mi and M'^,.-. are diffeomorphic for all 
1 < i < k. Therefore, the cohomological rigidity problem and the unique decomposition problem 
mentioned in the Introduction are both affirmative for products of differentially indecomposable 
toric manifolds of complex dimension less than or equal to two. 



For the proof of this theorem, we consider 
(3.1) A{X;R) = {ueH'^{X;R)\{0} 

for a topological space X and a commutative ring R. 



0} 



Lemma 3.2. Let R be 7^ or a field, and let Xi (1 < i < k) be a topological space such that 
H'^{Xi;R) is finitely generated for any q and H^{Xi;R) = H^{Xi]R) = 0. Moreover, when 
R = "Z, we suppose that H'^{Xi;Z) (q < 4) is a free module. iToric manifolds satisfy these 
conditions. j Then 

k k 

A{l[X,;R) = \jA{Xi;R). 



i=l 



i=l 
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Proof. By Kiinneth formula, H^{Yli=i -^i'l ^) ^^ isomorphic to 0^=^ H'^{Xi] R). So an element 
u in H'^(Wi^i Xi] R) can be written asu = ui + - ■ ■ + Uk {ui € H'^{Xi;R)). Again, by Kiinneth 
formula, 

k k 

H\l[Xf,R)^(^^H\Xi;R)^e(^ H^Xf, R) ^ H\Xj; R) 

i=l i=l i<i<j<k 

and via this isomorphism 



u' 



i=l l<i<j<k 

So if u^ = 0, then Uj = except one i. Therefore, the lemma holds. D 

Differentially indecomposable toric manifolds of complex dimension less than or equal to 
two are diffeomorphic to CP^ or CP^ft^CP^ {q G Z>o). Their cohomology rings are as follows: 

H*(CP^;R) ^P[xl/(x2 = 0) 
(3.2) 



H*{CPHqCP^;R) ^ R[x,yi, . . .,yg]/{x^ = -yl xy, = (Vi), y^y^ = (i / j)) 

Lemma 3.3. (1) A{CP'^]R) ^ {a G P\{0}}. In particular, A{CP^;M.) consists of two 

one dimensional connected components, and A{CP^;Z,/2) consists of one element. 
(2) A(CP2UgCP2; R) ^ {(a, bi,...,bg) G P'?+i\{0} \ a^ = bl + --- + ft^}. In particular, 
A{CP^;R) and A{CP^-Z/2) are empty, A{CP^^CP'^;R) consists of four one dimen- 
sional connected components, and A{CP'^^CP'^;Z/2) consists of one element. When 
q > 2, A(CP^tt'?CP^;M) consists of two q dimensional connected components. 

Proof. (1) This easily follows from the former isomorphism in (13. 2p . 



(2) Using the latter isomorphism in (j3.2p . one can write an element u in //^(CP^jJgCP^; R) 
as 

u = ax + biyi -\ h bgy^ (a, 5i, . . . , 6g G R), 

so we have u^ = (a^ — bf — ■ ■ ■ — b^)x'^, which implies (2). D 

Proof of Theorem \3.1[ Let m (resp, ruq) be the number of Mj's diffeomorphic to CP^ (resp, 
CP^tt^CP^). Similarly, let m' (resp, m') be the number of M-'s diffeomorphic to CP^ (resp, 
Cp2ttgCP2). Then 

k 

M — yIm, = (cp^)™ X Ylicp^kcp^y'" 

1=1 q>0 

(3.3) , - __ 

M' := n^i = (CP^)"' X YliCP^qCP^)"''" . 

j=l g>0 

By assumption, H*{M;'Z) and H*{M';'Z) are isomorphic as graded rings, and an isomor- 
phism between them induces an isomorphism between H*{M;R) and H*{M';R) for any 
commutative ring R and a bijection between A{M; R) and A{M'; R). When P = M, we com- 
pare the number of connected components of dimension t in A{M;M.) and A{M';M). Since 
the bijection between A{M;M.) and A{M';M) is a homeomorphism, we obtain 

(3.4) 2m + Ami = 2m' + Am[, 2mt = 2m[ (t > 2) 
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from Lemmas 13.21 and 13. 3i Moreover, comparing the number of elements in A{Ad; Z/2) and 

A{M' ■,Z/2), we obtain 

(3.5) m + mi = m' + m'l 

from the fact mt = rn[ {t > 2) in (|3.4|) . Lemmas 13.21 and 13.31 The identities (|3.4|) and (|3.5|) 
imply m = m' and mt = m[ (t > 1). These together with the equality of the dimensions of M 
and M' (which are respectively m + 2 X^^g rrit and m' + 2 X^j>o rn't by (|3.3p ) imply m^o = ttiq. 
Therefore the theorem is proved. D 

The following corollary follows from Theorem 13. li 

Corollary 3.4 (cancellation). Let M , M' and M" be products of toric manifolds of complex 
dmension less than or equal to two. If M x M" and M' x M" are diffeomorphic, then so are 
M and M' . 



4. Simply connected compact 4-manifolds with (5^)^- actions 

In this section, we show that the idea developed to prove Theorem 13.11 works for products 
of CP^ and simply connected compact smooth 4-manifolds with smooth actions of compact 
torus {S^)"^. By Orlik- Raymond ([9]), these 4-manifolds are diffeomorphic to 



(4.1) S%CPHqCPHr{CP^ X CPI) {p + q + r>Q). 

Proposition 4.1. A manifold in (14. ip is diffeomorphic to one of the following: 

S^, pCP^]\qCP^ {p>q>0, p + q>l), r{CP^ x CP^) (r > 1). 

Moreover these manifolds are not diffeomorphic to each other. 

Proof. This proposition must be known but since there seems no literature, we shall give a 
proof. 



Claim Cp2jl(CPi x CP^) and CP2(j(Cpi x CP^) are diffeomorphic to CP'^^2CP'^. 



The fan corresponding to the blow-up of CP^ x CP^ and that of CP'^]\CP'^ are isomorphic, 
so CP^j:j(CP"'^ X CP^) and CP^ji2CP^ are isomorphic as algebraic varieties, in particular, 
CP2(|(Cpi X CPi) is diffeomorphic to CP'^^2CP^. 



Moreover Cp2[j(cpi x CP^) and CP^t^CPi x CPi) are diffeomorphic, and since there is 
an orientation preserving diffeomorphism from CP^ x CP^ to CP^ x CP^ (i-e., an orientation 
reversing diffeomorphism from CP^ x CP^ to itself), CP^tJ(CP^ x CP^) is diffeomorphic to 
CP2tt(CPi X CP^). SoCp2tJ(CPixCPi) andCP2tJ(CPixCPi) are diffeomorphic. Therefore 
the claim is proved. 



Prom the Claim above and the fact that pCP^]\qCP'^ and gCP^jipCP^ are diffeomorphic, 
we see that a manifold in (|4.ip is diffeomorphic to one of the manifolds in Proposition 14.11 

We shall prove that the manifolds in Proposition 14.11 are not diffeomorphic to each other. 
The manifolds pCP^jJgCP^ are not spin manifolds (i.e., their second Stiefel- Whitney classes 
do not vanish) while r(CP^ x CP^) are spin manifolds. Therefore, they are not homotopy 
equivalent, in particular, not diffeomorphic. Euler characteristic x ^^d the absolute value of 
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signature a are homotopy invariants, and 

xipCP'^h^P^) =P + q + 2, a{pCP^qCP^) =p-q 

x{r{CP^ X CP^)) = 2r + 2, a{r{CP^ x CP^)) = 

X(5') = 2 

so the manifolds in Proposition 14.11 are not homotopy equivalent to each other, in particular, 
they are not diffeomorphic to each other. D 

We find A(M; R) in (j3.ip for the manifolds M in Proposition 14.11 and any commutative 
ring R. Since 

H*{pCP^^qCP^;R) 

= R[xi, ...,Xp,yi,..., yq]/{xf = -y|, XiVj = 0(Vi, j), XiXj = 0, yiVj = 0(Vi / j)), 

H*{r{CP^ xCP^);R) 

= R[zi, . . . ,Zr,Wl,... , Wr]/iziWi = ZjWj, ZiZj = WiWj = 0(Vi, j), ZiWj = 0(Vi / j)), 

H*{S^;R)^R.[x]/{x^=0), 
we see that 

A{pCP%CP^; R) 

(4.2) ^ {(ai, . . . , Op, 6i, . . . , 6,) € i?P+^\{0} \ aj + ■ ■ ■ + a^ = bj + ■ ■ ■ + b^}, 
A{r{CP^ xCP^y,R) 

(4.3) ^{(ci,...,c^,di,...,4) gP^''\{0} jcidi + --- + c^4 = 0}, 
^(5^P) = 0. 

Lemma 4.2. (1) yl(pCP^;M) is empty. 

(2) PF/ienp > g > 1, A(pCp2tJgCP2; R) is homeomorphic to SP''^ x 5«-i x R. 

(3) A(r(CPi X CP^);M) is homeomorphic to S''^^ x S^'^i x M. 

Proof. (1) This easily follows from (|4.2p . 
(2) For each positive real number c, the set 

{(ai, . . . , ap, 6i, . . . , 6g) G MP+^\{0} | a? + • • • + ^ = 6? + . . . + 52 ^ c} 



is homeomorphic to the product of spheres S^ ^ x S"' ^. So, ^(pCP^JjgCP^; M) is homeomor- 
phic to SP-^ X S"?-i X R>o by (jMD and hence to SP'^ x 5"?"^ x M. 
(3) For each i, we change the variables in (j4.3p as follows: 

Cj = aj + bi, di = Oi- bi. 



Then one sees that A{r{CP^ x CP^);M) is homeomorphic to ^(rCP^tJrCP^;^). D 

Lemma 4.3. For a finite set A, we denote the cardinality of A by \A\. Then 

(1) \A{pCP^pCP^-'L/2)\ = 22p-i - 1, 

(2) \A{r{CP^ X CPi);Z/2)| = 22^^1+2'^-! - 1. 

Proof. (1) By (|4.2p . we count the number of elements (ai, . . . ,Op,6i, . . . , 6p) G (Z/2)2P\{0} 
satisfying 

a? + • • • + a^ = 6? + • • • + 6^. 
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This equation is equivalent to the existence of even number ofglhin ai, . . . ,ap,bi, . . . ,bp. 
Therefore, 

\A{pCPHpCP^; Z/2)| + 1 = (2P^ + (2P^ + . . . + (I) = 2'^-\ 

(2) By (14. 3|) . it is enough to show the following: 

(4.4) |{(ci, . . . ,c,,di, ...,dr)e (Z/2)2^- I cidi + ■■■ + crdr = 0}| = 2'^'-^ + 2""^ 

We show this by induction. When r = 1, we can check (j4.4p easily. Suppose that (j4.4p holds 
when r = k, and we consider the case r = /c + 1. When Cfc+id^+i = (i.e., {ck+i,dk+i) 
is (0, 0), (1, 0) or (0, 1)), the number of elements (ci, . . . , c^, di, . . . , d^) in (Z/2)^*^ satisfying 
cidi + • • • + Cfcdfc = is 2^^^"^ + 2^^"^ by assumption of induction. When Ck+idk+i = 1 (i.e., 
(cfc+i, djt+i) = (1,1)), the number of elements (ci, . . . ,Cfc, di, . . . ,c?fc) in (Z/2)^'^ satisfying 
cidi + • • • + Cfc4 = 1 is 22^= - (22'=-! + 2^-1). So 

|{(ci,...,Cfc+i,di,...,4+i) G (Z/2)2(^'+^) |cidi + --- + Cfc+i4+i = 0}| 
=3(22fc-i + 2'^'-^) + 2^^^' - (22'=-! + 2^-1) = 22'=+! + 2^=. 
Therefore (|4.4|) also holds when r = k + 1. D 

Note that the manifolds in Proposition 14.11 except CP^ x CP^ do not decompose into the 
product of two manifolds of positive dimension. The following theorem generalizes Theo- 
rem [3Tj 

Theorem 4.4. Let Mi {I < i < k) and M'- (1 < j < i) he CP-^ or the manifolds in 
Proposition \4l\ except CP^ x CP^ . If H*{Yl'y^-^Mi;Z) and H*{\[^-^^M'-;Z) are isomorphic 
as graded rings, then k = i and there exists an element a in the symmetric group Sk on k 
letters such that Mi and Af^/--, are diffeomorphic for all 1 < i < k. 

Proof. Let m (resp, nip^q, n^ or n) be the number of Mj's diffeomorphic to CP^ (resp, 
pCP^qCP^ (p > q > 0, p + q > 1), r{CP^ x CP^) (r > 2) or 5^). Similarly, let 
m' (resp, m' , n[. or n') be the number of M-'s diffeomorphic to CP^ (resp, pCP'^'^qCP'^ 
{p>q>0, p + q>l), r(CPi x CP^) (r > 2) or 5^). Therefore, 
k 

M ■.= '[[Mi = (Cpi)™ X YlipCP^qCP^r^-^ X ]J(r(Cpi x CP^))"'' x (5^)" 

(4.5) '=' '-' '-' 

M' := n^i = (CP^)""' X ^(P'^^^^^^^)'"'''' ^ n^''^^-^^ ^ CP^))"'- X (S^)"' 
j=i p>g r>2 

By assumption, H*{M]'L) and H*{M'\'L) are isomorphic as graded rings, and an isomor- 
phism if between them induces an isomorphism between H*{M;R) and H*{M';R) for any 
commutative ring R and induces a bijection between A{M; R) and ^(M'; R). When P = M, 
the bijection is a homeomorphism. Comparing the homeomorphism type and the number of 
connected components of A{AI;M.) and A{M';1S.) using Lemmas 13.21 and 14.21 we obtain 

(4.6) 2m + Ami^i =2m' + Am[^i, nip^g = m'pg {p > q > 1), nip^p + Up = m'^p + np {p > 2). 

The linear subspace spanned by all one dimensional connected components in A{A4; M) 
(resp, A{M'; M)) is H^{{CP^)'^x{CP'^^CP^)"'^-^ ; M) (resp, H'^{{CP^)'^' x (CP^JjCP^)™!,: 
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Therefore, the isomorphism 99 induces an isomorphism between H'^{{CP^)"'' x (CP^ftCP^)™^'^ ; Z) 
and H'^{{CP^)"^ x (CP^tJCP^)'"i'i;Z). In particular, ip induces an isomorphism between the 
cohomology rings with Z/2 coefficients. It follows from Lemma 13.21 that 



m\A{CP^;Z/2)\ + mi^i\A{CP'^^CP^; Z/2)| = m'\A{CP'^;Z/2)\ + m[^^\A{CP^^CP^; Z/2)| 
and hence we have m + mi^i = m! -\- m'^ ^ by Lemma 13.31 This together with the first identity 



in (|4.6p implies that 

(4.7) m = m', mi^i = m'n. 

The linear subspace spanned by all connected components homeomorphic to S^~^ x S^~^ x M 
{p > 2) in A{M;R) (resp, A{M';M.)) is H'^{{pCP'^^pCP^)"'p-p x {p{CP^ x CP^))"J';M) (resp, 
ij2((pCP^ttpCP2)'»;,p X (p(CP^ X CP^))''p;M)). Therefore, it follows from Lemma [U that 



mpJA{pCP'^^pCP'^;Z/2)\+np\A{p{CP'^ x CP^);Z/2)| 
=m;_p|A(pCp2^pCP2;Z/2)j +n;|A(p(CP^ x CP^);Z/2)\ 
and hence we have 

(4.8) mp,p(22p-i - 1) + np(22p-i + 2^"! - 1) = m^ ^(22^-1 - 1) + n;(22p-i + 2^"! - 1) 
by Lemma 1131 So by (jM|), (1121), and (|MD, we have 

(4.9) m = m', TUp^g = m'pg {p > q > I), np = np{p>2). 

It remains to prove n = n' and m-p^o = ""^po (P — !)• Since H*{M;Z) and H*{M']'L) are 
isomorphic by assumption, the Poincare polynomials of M and M' must coincide. So, the 
Poincare polynomials of (5^)" x \{p>i{pCP'^)'^p-'' and (5^)"' x np>i(pCP^)"'p-o must coincide 
by ^M and ([49]). It follows that 

(l + x2)"x J](l+px + x2)™^.o = (l + x2)"' X JJ(l+px + x2)<o 
p>i p>i 

where a; is a variable. This implies that n = n' and rUp^Q = m' q. D 

Similarly to Corollary 3.4, the following corollary follows from Theorem 4.4. 

Corollary 4.5 (cancellation). Let M , M' and M" be products of copies ofCP^ and manifolds 
in Proposition\4. 1\ If M x M" and M' x M" are diffeomorphic, then so are M and M' . 



A topological toric manifold introduced by Ishida-Fukukawa-Masuda ([5]) is a compact 
smooth manifold of real dimension 2n with a smooth action of complex torus (C*)" that is 
locally equivariantly diffeomorphic to a smooth faithful representation space of (C*)". A toric 
manifold regarded as a smooth manifold is a topological toric manifold. A topological toric 
manifold of real dimension two is diffeomorphic to CP^ and the manifolds in Proposition 14.11 
except /S^ are topological toric manifolds. Therefore, it follows from Theorem 4.4 that Theo- 
rem l3.1l holds for topological toric manifolds, so we may ask the cohomological rigidity problem 
and the unique decomposition problem for topological toric manifolds and no counterexample 
is known even to these extended problems. 
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